Introduction.
If cp is the Poisson kernel, then H; is defined to be HI. Fefferman and Stein [2] showed that H; = H 1 for any cp that is smooth and dies quickly at infinity; e.g. cp can be in the Schwartz class, or Lipschtz continuous (of any order) and compactly supported. However, it is easy to show that H; = (0) if cp = x ,~, , , (see [3] ),where X , is the characteristic function of a set E. G. Weiss Let f E H i , f r 0 and fix f. In the following part of this section, the constants c depend on this function f. We may assume that f is real-valued (since cp is real-valued). We shall construct functions p,, g, (-c o < n < m) satisfying
where the convergence is in H;. This implies the theorem.
The construction ofp,, and g,,.
Since f E 0 and since f is real-valued, we may assume there exist r > 1 and E > 0 such that where R(x ) = sup,, -/ $'( y ) / . Therefore, Case 2. n < 0. We distinguish three subcases.
Let +(x) E S(R) be a real-valued even function such that
( $ is rapidly decreasing). Thus, jlxl,,I gtl(x)( G cr3".
Subcase 2. 1 x I 4 3, min(/ x I ,/ x + 1 / ,/ x -1 1) rn/*. These x's are away from the discontinuities of a(x). We have
The second term can be estimated as in the first subcase. The first term equals zero or it equals I jl,l,r-j,,/z$(t) dt I (because j$(t) dt = 0). This is dominated by crn, since $ is rapidly decreasing.
Subcase 3. min(l x I , I x + 1 1 ,I x -1 1) < r n l 2 . Here the best we can do is I a * +,(x) I G c. But the measure of this set is G 6rn/*.
Combining the three subcases yields for n < 0, I g, I G crnI2. We therefore
have (2).
Proof of Corollary 1. It is well known that the dual space of HI is the space BMO (see [2]).This is the space of locally integrable functions h(x) that satisfy
The supremum is over all intervals I C R; hI denotes the average of h(x) over I.
Clearly a(x) E HI. Also HI and H; are closed under translations and dilations. If H; n HI is not dense, then there is an h E BMO such that I h 11, = 1 but jh(x)g(x) dx = 0, for any g E H; n HI. The same must hold for any dilation or translation of a(x). T h s implies that h is constant and ll h 11, = 0.
Proof of Theorem 2.
An examination of the proof of Theorem 1 shows that it works because of the relative smoothness of a(x). In this section, we exhbit an H; that is not trivial or H I , by building functions b(x) E HI and cp(x), each of which has "large" high frequency terms in its Fourier series. The hlgh frequencies of cp(x) almost cancel out when cp(x) is convolved with a(x), but they match up with those of b(x) to make b(x) @ H;.
For n = 1, 2,3,. . .,define
We estimate / a * (pn),(x) I as follows. The first integral equals
The second integral is no larger than 
